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An automorphic loop (or A-loop) is a loop whose inner map-
pings are automorphisms. It was recently proved (see P. Jedlicˇka,
M.K. Kinyon, P. Vojteˇchovský (2012) [8]): A ﬁnite commutative A-
loop of order a power of an odd prime is centrally nilpotent. In this
paper we prove without using the nilpotence that the multiplica-
tion group of a ﬁnite commutative A-loop of order a power of an
odd prime is a p-group, which implies the central nilpotence of
such loop, too.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
A quasigroup Q that possesses an element 1 satisfying 1x = x1 = x for every x ∈ Q is called a loop
with neutral element 1. The mappings La(x) = ax (left translation) and Ra(x) = xa (right translation) are
permutations of Q for every a ∈ Q . The permutation group generated by left and right translations
Mlt(Q ) = 〈La, Ra | a ∈ Q 〉 is called the multiplication group of Q . The inner mapping group, Inn(Q ) is
deﬁned as the stabilizer of 1 in Mlt(Q ). A loop Q is commutative if Lx = Rx for every x ∈ Q .
A loop Q is an automorphic loop (or A-loop) if every inner mapping of Q is an automorphism
of Q , that is Inn(Q ) Aut(Q ). Thus the class of A-loops, which is certainly not the class of all loops,
includes for example groups, commutative Moufang loops [3].
The study of A-loops was initiated by Bruck and Paige [4]. Further remarkable results concerning
A-loops can be found in [7,9]. In [6] P. Jedlicˇka, M.K. Kinyon, P. Vojteˇchovský studied the structural
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of odd order. One of their main results is the Odd Order Theorem: every commutative A-loop of
odd order is solvable (see [6, Theorem 3.12]). They showed the Lagrange and Cauchy Theorems for
commutative A-loops of odd order (see [6, Propositions 3.6 and 3.7]).
In [8] they showed (see [8, Theorem 1.1]) that a ﬁnite commutative A-loop of order a power of an
odd prime is centrally nilpotent.
In this paper we prove without using the nilpotence that the multiplication group of a ﬁnite
commutative A-loop of order a power of an odd prime p is a p-group. Consequently the loop has
a nontrivial center which implies the central nilpotence of the loop.
Our proof is group theoretical but it relies on Lagrange’s Theorem and the Odd Order Theorem for
commutative automorphic loops which were proved by nongroup theoretical means.
We prove our result by applying the theory of connected transversals. This concept was introduced
by M. Niemenmaa and T. Kepka [10]. Using their characterization theorem we can transform loop
theoretical problems into group theoretical problems.
2. Basic deﬁnitions and results
For the basic concepts of loop theory we refer to Bruck [2]. Here we review some deﬁnitions,
notations and results.
Let Q be a loop. Set A = {Lc | c ∈ Q }, B = {Rd | d ∈ Q }. Then A and B are left transversals to
Inn(Q ) in Mlt(Q ), 〈A, B〉 = Mlt(Q ), [A, B] Inn(Q ) and coreMlt(Q ) Inn(Q ) = 1 (i.e. the largest normal
subgroup of Mlt(Q ) in Inn(Q ) is trivial). As a consequence, A ∩ Inn(Q ) = B ∩ Inn(Q ) = 1 holds.
Conversely, consider a group G with the following properties: H is a subgroup of G , A and B are
left transversals to H in G . A and B are H-connected transversals by deﬁnition, if [A, B] H .
By a result of Kepka and Niemenmaa [10], the above two situations are equivalent:
Theorem 2.1. A group G is isomorphic to the multiplication group of a loop if and only if there is a subgroup H,
for which there exist H-connected transversals A and B such that 〈A, B〉 = G and coreG H = 1.
Let Q be a loop and S be a normal subloop of Q . By [5, Proposition 1.2] we have Inn(Q ) acts
on S . Using Mlt(Q ) = A · Inn(Q ) it follows that S is a block of Mlt(Q ) which contains the neu-
tral element. Hence S corresponds to the subgroup M(S) Inn(Q ) where M(S) = 〈Ls, Rs | s ∈ S〉.
Put K (S) = coreMlt Q (M(S) Inn(Q )). Denote by f the natural homomorphism of Mlt(Q ) onto
Mlt(Q )/K (S). Then f (A) and f (B) are f (Inn(Q ))-connected transversals in Mlt(Q )/K (S) (see [10,
Lemmas 2.5 and 2.8]) and for the multiplication group of the factorloop Q /S the following is true:
Mlt(Q /S) ∼= Mlt(Q )/K (S).
The permutation group generated by all left translations is called the left multiplication group and
we shall denote it by L = L(Q ) = 〈A〉. In a similar way the right multiplication group R = R(Q ) =






∣∣ x, y ∈ Q 〉, R1 = 〈R yx−1RxR y
∣∣ x, y ∈ Q 〉,
and Inn(Q ) is generated by L1 ∪ R1 ∪ {Tx | x ∈ Q } where Tx = Rx−1Lx for all x ∈ Q .
The left, middle and right nucleus of a loop Q are deﬁned, respectively, by
Nλ = Nλ(Q ) :=
{
a ∈ Q ∣∣ a(xy) = (ax)y for all x, y ∈ Q },
Nμ = Nμ(Q ) :=
{
a ∈ Q ∣∣ x(ay) = (xa)y for all x, y ∈ Q },
N = N(Q ) :=
{
a ∈ Q ∣∣ x(ya) = (xy)a for all x, y ∈ Q }.
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N = N(Q ) = Nλ ∩ Nμ ∩ N
is called the nucleus of Q .
The center of Q is deﬁned by
Z(Q ) = {a ∈ N | xa = ax for every element x ∈ Q }.
Lemma 2.3. Aut(Q ) ∩ Inn(Q ) = Inn(Q ) ∩ NMlt(Q )(A) = Inn(Q ) ∩ NMlt(Q )(B).
I.e. Inn(Q ) Aut(Q ) if and only if Inn(Q ) NMlt Q (A) ∩ NMlt Q (B).
Proof. Assume ϕ ∈ Aut(Q ) ∩ Inn(Q ). Then ϕLa(x) = ϕ(ax) = ϕ(a)ϕ(x) = Lϕ(a)ϕ(x).
Assume for every c ∈ Q there exists d ∈ Q such that (ϕLc)(x) = (Ldϕ)(x). We show ϕ ∈ Aut(Q ) ∩
Inn(Q ). Clearly (ϕLc)(x) = ϕ(cx) and (Ldϕ)(x) = dϕ(x). Thus ϕ(cx) = dϕ(x). Applying this to x = 1 we
get (ϕLc)(1) = ϕ(c), (Ldϕ)(1) = d, consequently ϕ(c) = d and ϕ(cx) = ϕ(c)ϕ(x). 
By putting Z0 = 1, Z1 = Z(Q ) and Zi/Zi−1 = Z(Q /Zi−1), we obtain a series of normal subloops
of Q . If Zn−1 is a proper subloop of Q but Zn = Q , then Q is centrally nilpotent of class n.
The connection between the center of the loop Q and the center of the multiplication group Mlt Q





∣∣ x ∈ Z(Q )} = {Rx
∣∣ x ∈ Z(Q )}.
3. Commutative A-loops
Theorem 3.1. Let p be an odd prime. Let Q be a commutative A-loop of order a power of p. Then Mlt(Q ), the
multiplication group of Q , is a p-group.
Proof. Let Q be a counterexample of smallest order.
If Q˜ is a subloop of Q such that 1 = Q˜ = Q , then using [6, Theorem 7.2] we have Q˜ is an A-loop
of order of power of p too. Thus Q˜ satisﬁes every condition of our theorem, whence the minimality
of Q implies that Mlt(Q˜ ) is a p-group.
Denote G = Mlt(Q ), H = Inn(Q ).
The commutativity of Q means Lx = Rx for every x ∈ Q . Denote A = {Lx | x ∈ Q }. So we have
G = 〈A〉, [A, A] H and coreG H = 1.
As Q is an A-loop, by Lemma 2.3, H  NG(A) holds. Furthermore |Q | = |G : H| = p .
By a theorem (see [6, Theorem 3.12]) Q is solvable. Let Q 0 be a minimal normal subloop of Q .
Denote A0 = {Lx | x ∈ Q 0}. Let M0 = 〈A0〉. We have M0H = A0H  G . Let K (Q 0) = coreG(M0H).
As H  NG(A) and A0H  G it follows that H  NG(A0). Using [A, A]  H and G = AH we can
conclude M0  K (Q 0).
H  NG(A0) implies M0 is normal in M0H , whence M0 K (Q 0).
Denote by M the multiplication group of Q /Q 0, so we have M ∼= G/K (Q 0).
Denote by D the multiplication group of Q 0 and T = coreM0 (M0 ∩ H). Then D = M0/T .
The minimality of Q implies M and D are p-groups.
By a theorem (see [6, Theorem 7.2]) we have every element of Q is of order of power of p.
Consequently for every a ∈ A, there exists some natural number r such that apr ∈ H :
(1) We show CK (Q 0)(A0) ∩ H is a p-subgroup.
Suppose there exists S0 ∈ Syls(CK (Q 0)(A0) ∩ H) with s = p. We have |G : H| = |Q | = p ,|M0H : H| = |A0| = pm . As K (Q 0) = M0(K (Q 0) ∩ H) = A0(K (Q 0) ∩ H) it follows |K (Q 0) :
K (Q 0) ∩ H| = pm . Clearly there exists S ∈ Syls(K (Q 0)) such that S0  S  H holds.
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sume NG(S) ∩ aH = ∅ for some a ∈ A \ {e}. Clearly ah = n with h ∈ H , n ∈ NG(S). Then
Sa = Snh−1 = Sh−1  H . As S  NG(A) (see Lemma 2.3) we can conclude a ∈ CG(S). By us-
ing G = AH it follows NG(S) = (A ∩ NG(S))(H ∩ NG(S)) with A ∩ NG(S)  CG(S). Thus G =
NG(S)K (Q 0) = (A ∩ NG(S))(H ∩ NG(S))A0(H ∩ K (Q 0)). Let α ∈ A be arbitrary. Then α = a∗h∗aihi
with a∗ ∈ A ∩ NG(S), h∗ ∈ H ∩ NG(S), ai ∈ A0, hi ∈ H ∩ K (Q 0). Using H  NG(A0) we get
α = a∗a jh∗hi with a j ∈ A0. As A ∩ NG(S)  CG(S) and A0  CG(S0) we have a∗,a j ∈ CG(S0).
Hence S0α = S0h∗hi is true. G = AH implies S0  coreG H contradicting coreG H = 1.
(2) We show M0 is a p-subgroup.
We have D = M0/T is a p-group, M0 ∩ A = A0. Suppose there exists R ∈ Sylr(M0) such that
r = p. Clearly R  T . Since H  NG(A) it follows T  NG(A0). But T M0 = 〈A0〉, whence
T  CG(A0) is true. Thus R  T  CG(A0) ∩ H . Since R is an r-subgroup with r = p we get a
contradiction with (1). Thus M0 is a p-subgroup.
(3) We show the normal closure L of M0 in G is a p-subgroup too.
We have M0 K (Q 0), K (Q 0) G , whence M0g  K (Q 0) holds for every g ∈ G . Since M0 is a
p-subgroup, it follows L is a p-subgroup too.
Clearly M0H = LH .
(4) We prove M0 is an abelian p-subgroup and M0  Z(L).
We have that L is a normal p-subgroup of G which implies 1 = Z(L) G . Suppose Z(L)  H ,
then Z(L) coreG H = 1, a contradiction.
Thus Z(L) H .
Denote A1 = A ∩ Z(L)H . Clearly A1 ⊆ A0. We have A1 = {Lx | x ∈ Q 1}. Since A1H = Z(L)H  G it
follows Q 1 is a normal subloop of Q . The minimality of Q 0 implies Q 1 = Q , and A1 = A0 = A∩ L.
Clearly L = Z(L)(L ∩ H) = A0(L ∩ H).
Let a0 ∈ A0,  ∈ L ∩ H . We have a0 = zh0 with z ∈ Z(L), h0 ∈ L ∩ H . Then a0 = zh0 ∈ A. Since
h0
 ∈ H it follows  ∈ CG(a0). Thus L ∩ H  CG (A0) and L = Z(L)(L ∩ H) implies L  CG(A0),
consequently M0 = 〈A0〉 Z(L).
(5) We prove M0 = 〈A0〉 = A0, i.e. A0 is an abelian p-subgroup.
Let ai,a j ∈ A0 be arbitrary. We have aia jhi j ∈ A0 with some hij ∈ H ∩ M0. Let a ∈ A be arbitrary.
From [A, A] H it follows [aia jhi j,a] ∈ H . Since A0 ⊆ Z(L), Z(L) G then [ai,a] =m ∈ H ∩ Z(L),
[a j,a] = n ∈ H ∩ Z(L) and we can conclude [aia jhi j,a] = h −1i j mnh aij ∈ H whence h aij ∈ H for every
a ∈ A. Using G = AH it follows hij ∈ coreG H , consequently hij = e. Thus M0 = A0 is an abelian
normal p-subgroup.
(6) We show A0 is an elementary abelian p-subgroup.
We have H  NG(A0) whence H  NG(Ω1(A0)) (Ω1(A0) = {a ∈ A0 | ap = e}) which gives
Ω1(A0)H  G . Consequently Ω1(A0) = {Lx | x ∈ Q 2} where Q 2 is a normal subloop of Q . Clearly
Q 2  Q 0 whence the minimality of Q 0 implies Q 2 = Q 0, Ω1(A0) = A0, i.e. A0 is an elementary
abelian p-subgroup.
(7) Let a ∈ A, ai ∈ A0 be arbitrary. We have aaihi ∈ A with some hi ∈ H . We show hi ∈ K (Q 0) =
coreG(M0H), a ∈ CG(hi), aaihi ∈ CG(hi) and A0  CG(hi).
Let α1 ∈ A be arbitrary. By using [A, A] H , [aaihi,α1] ∈ H , [a,α1] ∈ H and H  NG(A0) hence
we get hi
α1 ∈ A0H , consequently hi ∈ coreG M0H = K (Q 0).
We have [aaihi,a] ∈ H , [ai,a] ∈ H ∩ L (L  G) hence hia ∈ H . Since hi ∈ NG(A) a ∈ CG(hi) holds.
Let a j ∈ A0 be arbitrary. Using [aaihi,a j] ∈ H ∩ L, [a,a j] ∈ H ∩ L, A0  Z(L) it follows hia j ∈ H .
Since hi ∈ NG(A0) then a j ∈ CG(hi), consequently A0  CG(hi) and aaihi ∈ CG(hi).
(8) We show every element of A \ {e} is of order of power of p.
Suppose there exists α ∈ A \ {e} such that α is not a p-element. We have αpr ∈ H for some
natural number r. Since G/K (Q 0) is a p-group, then αp
r ∈ H ∩ K (Q 0).
(8/1) We show α /∈ CG(ai) for arbitrary ai ∈ A0 \ {e}.
Suppose there exists a j ∈ A0 such that α ∈ CG (a j).
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subloop of Q . The minimality of Q 0 implies Q 3 = Q 0. Hence A0 = 〈a j〉  Z(G). Hence
αp
r ∈ CG(A0) and αpr is not a p-element. A contradiction to (1). Thus CG(a j) = G .
Clearly A0  CG(a j). Let a ∈ A be such that CG(a j) ∩ aH = ∅, i.e. a j ∈ CG(ah) with some
h ∈ H . Using [a j,a] ∈ H , ha j ∈ H holds, h ∈ NG(A) implies h ∈ CG(a j) consequently a ∈
CG(a j), whence CG (a j) = (A ∩ CG(a j))(H ∩ CG(a j)).
Let U = {a ∈ A | a ∈ CG(a j)}. Then, by the above, Q ∗ = {x ∈ Q | Lx ∈ U } is a subloop of Q and
as CG(a j) = G Q ∗ = Q is true. The minimality of Q implies Mlt Q ∗ is a p-group. Denote
L1 = 〈U 〉. Then Mlt(Q ∗) = L1/ coreL1 (L1 ∩ H). We have α ∈ U , A0 ⊆ U hence αpr ∈ L1 ∩ H .
Since αp
r
is not a p-element, then αp
r ∈ coreL1 (L1 ∩ H). As αpr ∈ NG(A0)∩ K (Q 0) it follows
αp
r ∈ CG(A0), contradicting (1).
(8/2) We show CG(α) ∩ (H ∩ CG(A0)) = 1.
Suppose there exists h ∈ H∩CG(A0), h = e such that α ∈ CG(h). Consider CG(h). coreG H = 1
implies CG(h) = G . Let a ∈ A be such that CG(h) ∩ aH = ∅, i.e. h ∈ CG(ah0) with some
h0 ∈ H . Using h ∈ NG(A) it follows a ∈ CG(h). Let W = {a ∈ A | a ∈ CG(h)}. Then Q ∗∗ =
{x ∈ Q | Lx ∈ W } is a subloop of Q and Q ∗∗ = Q . The minimality of Q implies Mlt Q ∗∗
is a p-group. Denote L2 = 〈W 〉. Then Mlt Q ∗∗ = L2/ coreL2 (L2 ∩ H). As αpr is not a p-
element, hence αp
r ∈ coreL2 (L2 ∩ H). As αpr ∈ NG(A0) ∩ K (Q 0) it follows αpr ∈ CG(A0)
contradicting (1).
(8/3) We show αai ∈ A for every ai ∈ A0.
Let ai ∈ A0 be arbitrary. We have αaihi ∈ A with some hi ∈ H . By (6) hi ∈ K (Q 0) ∩ H ,
α ∈ CG(hi), A0  CG(hi). Thus hi ∈ CG(α) ∩ (H ∩ K (Q 0)), by using (8/2) hi = e follows.
(8/4) Let ai ∈ A0 \{e} be arbitrary, let ti = [ai,α]. We show ti is of order p, A0  CG(ti), tiα ∈ ti A0,
tiα = ti .
By (8/1) ti = e. Clearly ti ∈ K (Q 0) ∩ H .
Let a j ∈ A0 \ {e}. By (8/3) we have αa j ∈ A, [A, A] H and the commutativity of A0 imply
[ai,αa j] = tia j ∈ H . Since ti ∈ NG(A) it follows a j ∈ CG(ti), consequently A0  CG(ti) holds.
As aiα = aiti and ai is of order p (see (6)) we have ti is of order p too. We have ti ∈ NG(A)
whence αti = α∗ ∈ A, consequently tiα = ti(α∗)−1α holds. K (Q 0) G implies (α∗)−1α ∈
K (Q 0). As K (Q 0) = A0(H ∩ K (Q 0)) we can conclude (α∗)−1α = ah with a ∈ A0, h ∈
H ∩ K (Q 0) whence α = α∗ah . By (7) A0  CG(h), so α = α∗ha , consequently αa−1 =
α∗h . By (8/3) αa−1 ∈ A, which implies h = e and α = α∗a . Hence tiα = tia ∈ ti A0.
Suppose tiα = ti . Then ti ∈ CG(α) ∩ (H ∩ CG(A0)). Applying (8/2) it follows ti = e, a contra-
diction.
(8/5) Let α0 ∈ A0 \ {e} be arbitrary. We show α0αp ∈ a0H .
By (8/4) a0α = a01 with 1 ∈ CG(A0) ∩ H and the order of 1 is p.
1
α = 1k2 with k2 ∈ A0 \{e} (see (8/4)). Hence a0α2 = a012k2. Similarly by (8/4) k2α = k23
with 3 ∈ CG(A0) ∩ H and the order of 3 is p. Thus a0α3 = a013k233. Continuing this
process we get
ki
α = kii+1 and  αi+1 = i+1ki+2 with ki,ki+1 ∈ A0 \ {e},





We show for every odd positive integer n the following is true
a0




We have seen our statement is true for n = 1,3.
Suppose our statement is true for n = j. Thus we have
a0
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) + ( jk+1




α j+1 = a01( j+11 )k2( j+12 )(
j+1
3 )
3 . . .k
( j+1j−1)
j−1  j
( j+1j )k j+1.
Hence using (∗) again
a0





j+1 · k j+1 ·  j+2










is divided by p for every 1 t < p and ki ∈ A0 \ {e}, A0 is elemen-
tary abelian p-subgroup, furthermore the order of i is p, we have
a0
αp = a0p, i.e. a0αp ∈ a0H .
(8/6) We show αp ∈ A.
Clearly αph∗ ∈ A with some h∗ ∈ H .
Using [α,αph∗] ∈ H it follows (h∗)α ∈ H . Since h∗ ∈ NG(A) we get h∗ ∈ CG(α). By (8/5)
aiα
p ∈ ai H for every ai ∈ A0. Hence aiαph∗ ∈ aih∗ H . Since [ai,αph∗] ∈ H , then aih∗ ∈ ai H .
Using h∗ ∈ NG(A) we get h∗ ∈ CG(ai) for every ai ∈ A0. Thus h∗ ∈ CG(A0) ∩ H ∩ CG (α). By
(8/2) we have h∗ = e, consequently αp ∈ A.
We have αp
r ∈ H . Using αp ∈ A and αp is not a p-element too, similarly we get (αp)p ∈ A.
Hence αp
r ∈ A ∩ H is true. Since A ∩ H = {e} αpr = e follows, contradicting α is not a
p-element. Thus every element of A \ {e} is of order of power of p.
We have A0 is an elementary abelian p-subgroup (see (6)). A0 = M0 (see (5)), K (Q 0) =
coreG M0H , M0 K (Q 0), P0 = CK (Q 0)(A0)∩H is a p-subgroup (see (1)), whence CK (Q 0)(A0) = A0P0
is a p-subgroup too. Let P1 ∈ Sylp(K (Q 0)). Clearly A0P0  P1 and P1(H ∩ K (Q 0)) = K (Q 0). Let
P ∈ Sylp(G) such that P1  P .
(9) We show P = G .
We have G/K (Q 0) is a p-group, hence G = P K (Q 0) = P (H ∩ K (Q 0)).
Let α˜ ∈ A be arbitrary. Since α˜ is a p-element (see (8)) there is h˜ ∈ H ∩ K (Q 0) such that α˜h˜ ∈ P .
As h˜ ∈ NG(A) it follows α˜h˜ ∈ A ∩ P . The normality of K (Q 0) implies α˜h˜ ∈ α˜K (Q 0). We have
K (Q 0) = A0(H ∩ K (Q 0)). Thus α˜h˜ = α˜a jh j with a j ∈ A0, h j ∈ H ∩ K (Q 0).
By (7) we have h j ∈ CG(A0). Hence a jh j ∈ CK (Q 0)(A0) = A0P0. Since A0P0  P1  P and α˜h˜ ∈ P
it follows α˜ ∈ P too. As α˜ is an arbitrary element of A and 〈A〉 = G we can conclude G = P .
This is the ﬁnal contradiction. 
Corollary 3.2. Let p be an odd prime. Let Q be a commutative A-loop of order a power of p. Then Z(Q ), the
center of Q is not trivial and Q is centrally nilpotent.
P. Csörgo˝ / Journal of Algebra 350 (2012) 77–83 83Proof. By Theorem 3.1, Mlt(Q ) is a p-group which implies Z(Mlt(Q )) is not trivial. We have
Z(Mlt(Q )) = {Lx | x ∈ Z(Q )}, whence Z(Q ) is not trivial.
By induction on the order of Q , the central nilpotence of Q is obvious. 
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